A cuboid of highly elastic incompressible material, whose stored-energy function IT is a function of the strain invariants, has its edges parallel to the axes x9 y and z of a rectangular Cartesian co-ordinate system. It can be bent so that: (i) every plane, initially normal to the cc-axis, becomes part of the curved surface of a cylinder whose axis is the z-axis; (ii) every plane, initially normal to the y-axis, becomes a plane containing the z-axis; (iii) there is no displacement parallel to the z-axis.
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The system of forces required to bend a flat plate into a cylindrical shell has been calculated by Kelvin & Tait (1895; Love 1927) on the basis of the classical theory of elasticity. The assumption is made th at the radius of curvature of the cylindrical shell is large compared with the thickness of the plate, and it is because of this assumption that the classical theory of elasticity, valid only for small deformations of the material, can be used. Seth (1935) has discussed the problem of the flexure of a cuboid, departing from the usually assumed stress-strain relations which imply only slight deformability of the material. He takes particular stress-strain relations defined for large strain and calculates the force system necessary to bend a cuboid of material, obeying this law, into cylindrical form. His analysis is not limited to the case when the thickness of the cuboid (i.e. the dimension which is radial after flexure) is small compared with the radius of curvature of the cylinder. Seth's stress-strain relations imply th at the material is compressible and, as has already been pointed out (Rivlin 1948 (2), they are not derivable from a stored-energy function.
In the present paper the problem of cylindrical flexure of a cuboid of highly elastic, incompressible material is again considered. The stored-energy function is considered to be a function of the strain invariants, and the method evolved in part IV of this series (Rivlin 1948(2) is employed to calculate the surface tractions which must be applied in order to maintain the state of flexure. The conditions for the tractions over both of the curved surfaces to vanish is discussed in the case of the relatively simple form of stored-energy function advanced by Mooney (1940) for rubber. For the case when this condition is fulfilled, the resultants of the surface tractions applied to the remaining boundary surfaces are found. Finally, the stress components are found for the case of a general stored-energy function. 2
T h e d i s p l a c e m e n t c o m p o n e n t s
Let us consider the flexure, in the rry-plane of a rectangular Cartesian co-ordinate system (x, y, z),of a body of incompressible highly elastic material. We shall as that:
(i) each plane of the undeformed body which is normal to the x-axis becomes, in ^the deformed state, a portion of the curved surface of a cylinder whose axis is the z-axis;
(ii) each plane which is normal to the y-axis in the undeformed state becomes, in the deformed state, a plane containing the z-axis; and (iii) the points of the body suffer no displacement parallel to the z-axis. If (£, 7j, £) are the co-ordinates in the reference system (x, y, z), after the deformation, of a point which before the deformation lies a t (x, y, z), then E , = x + u, y = y + v, £ = z + w, (2-1) where ( u, v, w) are the components of the displacement undergone by th the deformation. Let (r, 0, £) be the co-ordinates of the point (£, £) in a cylindrical polar co-ordinate system, so th at £ = rc os d and sin 6. Large elastic deformations of isotropic
The assumptions (i), (ii) and (iii) regarding the deformation may be expressed mathematically as r = /( x ) ; # = m and j _ z> (2) (3) where the functions / and < j) are so far undetermined. Using the relations (2-3) to substitute for r and 6 in (2-2), we have ), 7j =/(tf)sin0(y) and £ = z.
(2-4)
The incompressibility condition, r = 1, which must be satisfied throughout the material, is automatically satisfied by the deformation defined by (2-4), provided
where A and B are constants of integration. From equations (2*7) and (2-5), we obtain
where Di s a constant of integration. We see that if the body is bent symmetrically with respect to the x-axis-and there is no loss of generality in assuming this-then 0. We then have, from (2-7), (2-8) 
T h e e q u a t i o n s o f e q u i l i b b i u m
The equations of motion for a material, whose stored-energy function W is given in terms of the strain invariants Ix and / 2, are given (IV series of papers. Employing the expressions (2-10) in these equations, we obtain
and pZ = 0,
X , Y and Z are the components of the applied body forces, per unit mass of the material, and p is the density of the material.
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For the deformation considered, Ix and / 2 are obtaine in equations (IV, (3) (4) . Then ^ ^2 rz -^2 1+ r2 2' (3*3)
If the body forces are zero throughout the material, then, from the first two of equations (3-1), dp ' A 0 x-= ----<t> and ~ = 0.
(3-4) ox r
In (3-2) dW/dIx, dW/dI2, d*WjdI\, etc., are functions of Ix and / 2 only. From (3-and (3-3), it can be seen th at O may be considered either as a function of or as a function of r. Therefore, equations (3*4) are consistent and p is given by
The deformation described by (2*10) can thus be produced by the application of surface forces only.
T h e b o u n d a r y c o n d it io n s
Suppose that in the undeformed state of the body it is a cuboid with bounding planes at x -ax, x = a2, y -+6 and boundaries respectively. y If, in the deformation considered, the surfaces x = ax and = a2 become portions of the curved surfaces of cylinders of radii rx and r2 respectively, where rx > r2, then, from (2-9), we see th at rx -{2Aax + B)i and r2 = (2Aa2 +B)*.
(4-1)
and B C L 1 (4-2) Figure 1 shows a section of the deformed and undeformed bodies parallel to the xy-plane. The positive direction of the z-axis is considered to be outward from the paper and normal to it.
On any surface of the body, the components X v, Yv and of the surface tractions, which must be exerted to maintain the state of deformation defined by (2*10), are given by (IV, 11*2). For the surface x = we can c by putting cos (
x, 1 and cos ( , v) and employing the expressions (2-10). We obtain
where p v the value of pw hen x = av is obtained from (3-5). The normal, in the deformed state, to the surface which is a t = ax in the un deformed state, a t the point which is a t in the undeformed state, has direction cosines (cosy/A, siny/A, 0). Thus the surface tractions (4-3) are equivalent to a surface traction RvX, directed normally to the surface in its de given by / dW \ / r==ri X V,Y V and Z v -and therefore Rv X -are defined per unit area of t in the undeformed state.
In a similar manner it can be shown th at the surface traction on the surface which was initially a t x = a2 is directed normally to th at surface in the deformed state has magnitude Rv2, given by where p 2 is the value of p ,given by (3-5), when x = a2. The surface tractions which must be applied to the y-boundaries are obtained by taking cos = + l and cos ( , v) = cos (z, v) = 0, and employing the relations (2*10) in equations (IV, 11-2), giving 
R. S. Rivlin
The surface tractions which must be applied to the z-boundaries are obtained by taking cos (z, v) = ± 1 and cos v) = cos ( , i^) = 0 in (IV, and introducing the relations (2-10). We obtain and If the direction of the outward-drawn normal to the surface is taken as the positive direction, for each of the z-boundaries, then we can omit the negative sign in (4*8). I t is thus seen th at the cuboid may be held in the state of flexure defined by equations (2*10) by means of surface tractions, applied to its six bounding faces, which are normal to these in the deformed state. These surface tractions are undeter mined to the extent of a uniform hydrostatic pressure and, in order to determine them completely, the value of the surface traction a t one point of the surface must be specified.
The surface tractions Rvl, Rv2, 0" and defined per unit area of surface measured in the undeformed state. Now, in the deformation, elements of the surfaces x = rJA and r2/A respectively. Unit elements of the ^/-boundaries have, in the deformed state, areas A/r, and unit elements of the z-boundaries have, in the deformed state, unit area. The surface tractions on the boundaries initially a t cq and x = a2 are constant over these boundaries. If th at over the surface is taken as zero, i.e. R[ = 0, we have, from (4*9),
Pi
With (3*5), this gives (4-10) If the surface traction over the boundary initially a t = is also zero, i.e. R 2 = 0, we have, from (4*9) and (4-11), This is essentially an equation for determining those values of A for which the flexure can be produced by applying surface tractions to the y and z boundaries only.
We cannot usefully proceed further without making some assumption regarding the form of the stored-energy function W.
S p e c ia l f o r m o f t h e s t o r e d -e n e r g y f u n c t i o n
We shall take as the particular form of the stored-energy function th at originally put forward by Mooney (1940) for rubber:
where Cx and C2 are physical constants for the material considered. This has shown to be of particular interest in the mechanics of rubbers by Rivlin (1947) and Treloar (1948) . I t is noteworthy th a t the incompressible, neo-Hookean material discussed in parts I, II and II I of this series (Rivlin 1948 I t is readily seen that a is real only if p 2 < 1. Also, since wh both of the values of cr given by (5-9) are positive. From equations (5*9) and (5*8) 
From the last of equations (5*2), (5*13) and (5*6), we have
The angle subtended at the origin by the curved surface of the deformed body is 2 6/A ,i.e. 26(r1r2)~i .'The total force F2 exerted on a sur given by
where Z ' is given by (5*18), yielding, with (5*8),
If the force F2 is not applied, then the body will tend to lengthen or contract parallel to the 2-direction.
The radius r0 of the neutral axis, in the deformed state, i.e. th at line parallel to the y-axis in the undeformed body which is unaltered in length in the deformation, can be found in the following manner. The length of any line parallel to the y-axis is initially 26. If this line is bent into an arc of a circle of radius r0, then its length in the deformed state is 26r0/(r1r2)h If the line is unchanged in length in the deformation, we obtain . . The error introduced by making this approximation is of the order e3.
